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We present a coherent approach to recurrence and transience, starting 
from a version of the Riesz decomposition theorem for supcrharmonic ele- 
ments. Our approach allows straightforward proofs of some known results, 
entails new theorems, and has applications to other aspects of completely 
positive operators: It leads to a classification of idcmpotent Markov opera- 
tors, thereby identifying concretely the Choi-Effros product, which can be 
introduced on the range of these maps. We obtain an abstract Poisson in- 
tegral and a representation theorem for idempotent entanglement breaking 
channels. 

1 Introduction 

In the present paper we investigate the long term behavior of discrete time Quantum 
Markov Processes by characterizing recurrent and transient parts in terms of the corre- 
sponding transition operators. In classical probability theory the notions of recurrence 
and transience provide a fundamental tool in the study of Markov processes. How- 
ever, due to the lack of points in the state space of a quantum Markov process, these 
notions do not allow an immediate and unique generalization to the non-commutative 
situation, and thus their study is still in its infancy. 

In the following we present a coherent approach to non-commutative versions of these 
notions for discrete time quantum Markov processes in terms of the corresponding 
transition operators, thereby incorporating several partial results scattered around 
the literature. Inspired by the work of F. Fagnola, R. Rebollcdo, and V. Umanita (cf. 
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FR03 , Fag04j, |Uma06] 1 and F. Haag (cf. Hag02j) we use notions of classical (prob- 
abilistic) potential theory (see, e.g., |Rev75j or |DM83| ) to define potentials, transient 
projections, and recurrent projections for quantum Markov operators; positive recur- 
rent projections are defined via support projections of stationary normal states of such 
operators (see, e.g., |EHK78j . [FV82j . |Gro86j . |Luc95j . |Fag04| , or }Uma06Q . 

Different notions of recurrence and transience have been studied, for example, in 
jlKM] , |Moh05| . [RZTT] . or [GV+12| . 

At the starting point of our approach stands a non-commutative version of the Riesz 
decomposition theorem, which we put to use several times throughout this paper. After 
having explored the basic notions of recurrence and transience under various aspects, 
it turns out that our results have applications to idempotent Markov operators, to the 
Choi-Effros product (cf. |CE77| ). and to entanglement breaking channels (cf. [Hol98], 
HSR03]). We also draw a connection between the theory of non-commutative Poisson 
boundaries (cf. |Izu02] . |Izu04j ) and weak* mean ergodicity (see, e.g., |KN79j ). 

The paper is organized as follows: Apart from notation and preliminaries, |Scction"2| 
contains a brief revision of classical definitions in their algebraic reformulation. In 
|Scction~3| wc define potentials, study superharmonic elements and projections, and 
obtain a version of the Riesz decomposition theorem, which is the starting point of our 
approach. Finally, we show that the set of superharmonic projections is a complete 



lattice. Transient projections are defined and investigated in Section 4 In particular, 
for Markov operators on the algebra 3§(J?i?), we obtain various characterizations of 
such projections. 

In |Scction "5| we direct our attention to recurrent projections and show that super- 
harmonic elements are fixed on recurrent parts. To emphasize the differences to the 
classical case, we also define skew recurrent projections, which coincide with positive 
recurrent projections if the considered algebra is commutative. Finally, we employ 
a theorem of F. Haag to study reformulations of classical criteria for positive recur- 
rence. | S ect ion "6| examines the finite dimensional case, where further characterizations 
of transient projections are obtained. 

fn |Section 7| we apply the previous results to the study of idempotent Markov operators: 
our analysis of recurrent and transient projections leads to a structure theorem of such 
maps and allows to put the Choi-Effros product into more concrete terms. |Scction"8| 
deals with non-commutative Poisson boundaries and establishes a new characterization 
of weak* mean ergodic Markov operators, for which we obtain an abstract Poisson 
integral. We also show that such operators never have null recurrent projections. 

Finally, in |Scction 9| we include an application to entanglement breaking channels. We 
show that for a Markov operator with Holevo representation any two projections in 
the fixed space commute, and we determine the idempotent Markov operators which 
admit a Holevo representation. 
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2 Notation and Preliminaries 

Throughout this paper denotes a Hilbert space (with scalar product ( • , • ) linear 
in the first component) and 38(jrf?) the algebra of all bounded linear operators on . 
If a; € 38{J%') is positive, we write x > and we denote by 38{Ji?)+ the set of all 
positive elements. The ideals of all trace class operators and all compact operators in 
38{M I ) are denoted by &(Jt?) and Jf(Jf), respectively. For x € ^(Jf) the trace 
norm is given by ||x||t r := tr(V x*x). The strong operator topology is referred to as 
stop. Whenever we discuss infinite sums in 38(J4f), we consider convergence in this 
topology. The rank one operators t% : Jf? — > Jff : rj (t],Q£ in 38(34?) will appear 
several times in our discussions. We write 1 ^ or simply 1 for the identity operator 
on 34?. 

The set of all normal states on the algebra 38(34?), i.e. the set of all linear functionals 
tp, for which there is a (unique) density operator p £ ^"(34?) with p > and tr(p) = 1 
such that ip(x) = tr(px), is denoted by 6. 

More generally, we consider a von Neumann algebra A C 3&(3>f?), i.e. a *-algebra of 
operators on 34?, which is closed in the strong operator topology. We always assume 
G A. As for 38(34? ), the cone of all < x E A is denoted by A+. By &(A) we 
denote the set of all normal states on A, i.e. the set of all linear functionals ip which 
can be implemented by a density operator p E 3? (34?), which is, however, not unique 
in this more general case. A normal state if E &(A) is faithful if ip(x*x) = implies 
x = 0. The von Neumann algebra A is called a-finite if there exists a faithful normal 
state on A. 

For an orthogonal projection p 6 A its orthogonal complement 1 — p is denoted by p 1 - . 
If V is any set of orthogonal projections in A then \J {p € V} stands for the supremum 
of this set, i.e. the smallest projection q £ A such that p < q for all p E V . For a 
bounded increasing net (ai)ig/ C A+ the supremum Vie/ * ^ s defined likewise. If a 
is a self-adjoint element in a von Neumann algebra A then supp a denotes its support 
projection, i.e. the smallest projection p S A such that a — pap. Similarly, for a 
normal state <p on A the support supp <p is the smallest projection p G A such that 
ip(x) = ip(pxp) for all x G A. 

For the mathematical background of these notations we refer to |Mur90j or [Tak02 . 

A map T : A — > A is positive if T{A+) C A+ and completely positive if the map 
Id ra £§>T : M n ® A — > M n (g) A is positive for every n € N, where Id ra is the identity 
map on Af„. If T(l) = 1, it is called unital. Such a map T is normal if T (\J ieI dj) = 
Vjgj 2^( a i) f° r every bounded increasing net (ai) ie j C yl + or, equivalently, if 99 o T is 
normal for every normal state tp. In this case the map &(A) 3 ip i-> <^ o T € 6(^4) is 
denoted by T* and called the pre-adjoint of T . A normal completely positive unital 
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map T on A is called a (quantum) Markov operator. Its fixed space is denoted by 
F{T) := {x G A | T(x) = x}; a normal state ip is called stationary if ip o T = ip. 

Finally, a positive element a G A+ is called subharmonic (w.r.t. T) if T(a) > a; if, on 
the other hand, T(a) < a then a is called superharmonic. It is elementary to see that 
the support of a normal stationary state is subharmonic. Indeed, if ipoT = (p G 6(^4) 
and p := suppt^ then ip(T(p )) = ) = 0, hence T(p ± ) = p- L T(p- L )p- L < p . The 
following observations on subharmonic projections are useful. 

2.1 Lemma. ( |Luc951 Lem. 2], |Uma061 Thm.2]) 

(a) Let A C ii?(Jf?) 6e a won Neumann algebra and T : A — > A be a Markov operator. 
Then an orthogonal projection p £ A is subharmonic, i.e. T(p) > p, if and only 

if 

pT{x)p — pT{pxp)p for all x G A. 

(b) Let p G A be a subharmonic projection and T p : pAp — > pAp : x i— > pT(x)p. 
Then T p n (x) = pT n (x)p for any x G pAp and n G N. 

A Brief Revision of Classical Markov Chains 

As a motivation for our approach we introduce classical notions of recurrence and 
transience and present them in a way that allows us to generalize them. For further 
details and the corresponding proofs we refer to |Rev75| and |Dur05j . 

Let f2 be a discrete state space (finite or countable) and T the transition matrix 
of a (homogeneous) Markov chain on ft. In order to distinguish states in fl from 
general states on operator algebras we prefer to call elements of ft " point- states" . The 

(k) 

probability to get from a point-state i G O to j G Si in k steps is equal to the 
(i,j)-th entry of T k . The limit ££Lo W can be interpreted as the expected number 
of visits of the point-state j when the Markov chain starts in j G ft. 

Denoting the probability to ever reach a point-state j when starting from i by pij , we 
call a point-state j £ ft transient if pjj < 1 and recurrent if pjj = 1. A point-state 
j which can be reached from a recurrent point-state i is itself recurrent, i.e. pa = 1 
and p^ > imply pjj — 1. A recurrent point-state j € CI is called positive recurrent 
if Hindoo i Ylk=i tjj* > and null recurrent if lim^oo A J2k=i 4i = 0. A subset 
yl C is called transient, recurrent, positive recurrent or null recurrent, respectively, 
if all j G A have the corresponding property. 

2.2 Theorem. A point-state j G ft is transient if and only ^/ X^fcLo ^j'? ^ °°> * ,e ' 
£/ie Markov chain is expected to hit j only finitely many times. 
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We want to reformulate this algebraically. Let £°° (SI) be the C*-algebra of all uniformly 
bounded functions from SI to C. Then every / £ £°°(S1) can be identified with a column 
vector and every finite measure on Q (regarded as a row vector) is a linear functional 
on £°°(SY). The (normal) states &(£°°(ST)) correspond to the probability distributions 
on S7. Furthermore, for every point-state i £ SI we obtain a state Si £ &(£°°(SY)) with 
Si({j}) = 6ij (Kronecker delta) and each state ip £ 6(1°° (SI)) can uniquely be written 
as a (finite or infinite) convex combination of these Si. If <p £ &(£°°(fl)) is stationary, 
i.e. ipoT = tp, then every i £ SI with </?({«}) > is positive recurrent. Hence we have 
the following 

2.3 Theorem. The support of a stationary state is positive recurrent. 

Let \A £ £°°{Q) be the characteristic function of A C SI and set Xi '■— X{%}- Then 
Tk (Xj)(i) = §i o T k (xj) = t{f and T k (xA)(i) describes the probability to hit A in k 
steps when starting from the point-state i £ SI. We define G(f) ■— StLo-* (/) f° r 
< / £ £°°(n), where G{f) may also attain the value +oo. Then we have Q{Xi){i) = 
SfcLo ^*(x»)(*) = SfeLo*!^' hence G(XA)(i) can be interpreted as expected number 
of visits to A C SI when starting from i £ S7 (be it finite or infinite). 

If i £ O is recurrent and f(i) > for a positive function / £ £°°(Cl) then Q(f)(i) > 
• Xi){i) — f{i) ' Q{Xi){i) — oo. If A C SI is transient and Q{xa){j) > then j is 
transient, too, since pij = for all recurrent i £ SI and all j £ A. Hence the support of 
G(xa) is transient. If A = {j}, and thus for finite A, the function G(xa) takes finite 
values only. In general, however, it may happen that G(xa) attains the value +oo. 
Nevertheless, there still exists a positive function / <= £°°(S7) such that G(f) is bounded 
and has the same support as G{xa)- Indeed, by the (complete) maximum principle 
f |Rev751 Thm. 2.1.12]) G(Xj){i) < G(Xj)U) < oo for all j £ A, i £ CI. Thus by a 
standard argument / can be chosen as a suitable (infinite) weighted sum of Xj, j £ A, 



(cf. the proof of Theorem 4.8). Hence we arrive at the following characterization of 
transient sets: 

2.4 Theorem. A set A £ SI is transient if and only if there is a positive function 
f £ £°°{fi) with G{f) finite such that A is contained in the support ofG(f)- 

These are the versions of (positive) recurrence and transience which we will generalize 
to the non-commutative context. 



3 Potentials and the Riesz Decomposition Theorem 



In order to define transient projections in Section 4 we introduce non-commutative 
potentials (cf. [FR03] . |Fag04| , and jUma06] ) as a generalization of the classical no- 
tion (see, e.g., |Rev75j and DM83 ). We investigate their relation to superharmonic 
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elements and projections and obtain a non-commutative version of the Riesz decom- 
position theorem, which will be a key tool in our discussion. 

3.1 Definition. Let T : A — > A be a Markov operator on a von Neumann algebra 
A C 3§(Ji?). An element x G A + is called T-summable if S^Lo^™^) ex ists in .4+. 
An element y G „4+ is called potential (for T) if there exists a T-summable element 
at G A+ such that y = £„t T n (x). By 

Aot(T) := \y G .4+ | 3i G A+. with y = ^^T"^)} 

(or simply „4 po t if no confusion can arise) we denote the set of all potentials for T. 

3.2 Remark. If y = ^^ =0 T 1 "(a;) is a potential then y is superharmonic and x — 
y — T(y); in particular, x is uniquely determined. Indeed, since T is normal and the net 
of partial sums is increasing, we have y — T(y) = YlnLo T n {x) — Yl^Li T n (x) — x > 0. 
In this case x G -4+ is also called the charge of the potential y G -4 po t- 

In the next theorem we show that the classical Riesz decomposition theorem (cf. 
|Rev751 Thm. 2.1.6] or |DM831 no. IX. 28]) and its proof carry over to the non-commuta- 
tive situation. 

3.3 Theorem (Riesz decomposition theorem). Let T : A — > A be a Markov 
operator on a von Neumann algebra A C 3§{J^f). 

(a) An element y G A+ is a potential if and only ifT(y) < y and stop-lim T n (y) = 0. 

n— too 

(b) An element a G A+ is superharmonic if and only if there are elements y G *4 pot 
and < h G J~(T) such that a — y + h. Such a decomposition is unique. 



Proof, (a) If y G A+ is a potential then y is superharmonic by Remark 3.2 and from 



V = En= T n (x) it follows that T k {y) = Y,n=k Tn ( x ) sto P- 

Conversely, for x := y — T(y) > we obtain 

N N N+l 



T n (x) = Tn (y) - E ^(w) = y - TN+l iy) v st °p- 

n— n—0 n—1 



(7>J An element a = y + h with y and h as above is superharmonic by Remark 3.2 
Conversely, if T(a) < a then h := stop-lim T" (a) exists and < h G 7"(T). Set 

n— yoo 

y := a — h then T(y) < y and stop-lim T™ (y) = stop-lim T™ (a) — ft = 0. Hence y 

n— too n— too 

is a potential by part (a). □ 
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3.4 Corollary. Let < h G F(T). If there is a potential y G -4 pot such that h < y 
then h = 0. 

Proof. Since T is completely positive, we have h — T N {h) < T N (y) N ^°°) q stop. □ 



3.5 Corollary. The set of potentials A po t C A+ for a Markov operator T : A — > A is 
a norm-closed T -invariant cone. 



Proof. It is immediate from Theorem 3.3. (a) that .4 po t is a T-invariant cone. Let 
(jJj)jeK Q Apot be a sequence converging uniformly to y G A+. Then we have 



T (y) = yj) = limj T(yj) < limj y 3 = y. 

For e > choose j G N with ||y - yj|| < |. Let £ <E ^f 7 with ||£|| < 1 and n G N such 
that ||T' n (y :! -)£|| < | for every n > no- Then we have 

\\T n (yM < \\T n (y yi )Z\\ + ||T™( % )£|| < ||T»|| ||(y - Vj )\\ ||£|| + | < s. 



Hence y G ^4 po t by Theorem 3.3 (a). 



□ 



3.6 Remark. Consider A = £°°(N) and T the left shift on A, i.e. T (f)(n) = /(n+1) 
for / = (/(n))„gN in -4- Then vA po t is given by the positive decreasing sequences which 
converge to zero. Since 1 ^ A po t, the cone of potentials cannot be strongly closed. 

Furthermore, this example shows that the cone of charges does not need to be closed. 
Here it is given by the positive elements of i 1 (N) C A. 

The following observation can be useful for the computation of potentials. 

3.7 Proposition. Let A C £§(Jif) be a von Neumann algebra, T : A — > A a Markov 
operator, andNEN. If y G A+ is a potential for T N then y := y + T(y) + . . .T N ^ 1 (y) 
is a potential for T. 

Note that if a; := y — T N (y) is the charge for y with respect to T N then x is also the 
charge for y with respect to T. 

Proof. Let y be a potential for T N . By the characterization of potentials of the 
Riesz decomposition theorem 3.3. (a) it follows that y is superharmonic for T N and 



stop-lim(T A, ) fc (y) = 0. This yields 

k— >oo 

T(y) = T(y) + ...+ T N -\y) + T N (y) < T(y) + ...+ T N -\y) +y = y 
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i.e. y is superharmonic for T. Hence T n (y) < T n (y) < y (n € N), which implies that 
(T™(j/)) ngN is bounded. Since the map T is cr-stop-continuous, it is stop-continuous 
on bounded sets. Therefore, the stop-limit of the sequence (T m (T Nk (y))) fceN is zero 
for each < m < N - 1. Hence (T"(j/)) n can be decomposed into disjoined 
subsequences that are stop-convergent to zero. This implies stop-limT™(?/) =0. □ 



3.8 Lemma. Let T : A — > A be a Markov operator on a von Neumann algebra 
A C 38(3%') and let x € A+ with support p := suppx. Then suppT(a;) = suppT(p). 
In particular, if suppx = suppy for x, y € A+ then suppT(ir) = suppT(y). 

Proof. Since supp x — supp(a • x) for every a > 0, we can assume that < x < 1. Let 
p := supp x, then p > x. Hence T(p) > T(x) and suppT(p) > suppT(a;). 

Conversely, using the spectral theorem let pk '■— Xji ^^(a^) for every k G N. Then 
each pk is an orthogonal projection and (pk)k<£N converges monotonically from below 
to suppx = p. Now pk < k ■ x implies T(pk) < k ■ T(x) and T(pk) < suppT(a;). 
Letting fc — > oo we have T(p) < suppT(a;), since T is normal. Hence suppT(p) < 
suppT(a;). □ 



3.9 Proposition. If ' T : A — > A is a Markov operator and a £ A+ is superharmonic, 
i.e. T(a) < a, then its support projection is superharmonic, too. 



Proof. Let p := supp a, then we have suppT(p) = supp T(a) < p by Lemma 3.8 Since 



\\T(p)\\ < 1, it follows that T(p) < suppT(p) < p. □ 

In particular, support projections of potentials are superharmonic. This special case 
is implicitly contained in |FR03[ Prop. 4] . 



In general, the support of a potential is not in A po t itself. Compare, however, Propo 



sition 8.5 and the subsequent remarks. 



3.10 Theorem. RZllJ Let T : A — > A be a Markov operator on a von Neumann 
algebra A C 38(3%'). Then the set of superharmonic projections is a complete lattice. 

Since p is subharmonic if p^ is superharmonic, it follows that the set of subharmonic 
projections is a complete lattice, too. 

Infima of superharmonic projections are easily seen to be superharmonic (see, e.g., 
|Luc95] V Their suprema are superharmonic, too, as was recently shown by Raggio and 
Zangara by considering faces of normal states (cf. |RZllp . In the present approach 
this appears as an easy consequence of the previous proposition. 
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Proof. We have to show that for any family (ft)ig/ C A of superharmonic projections 
the supremum p v := \J ieI Pi and the infimum p A := /\ ieI Pi are both superharmonic. 

Since T(p A ) <T(pi) < pi for all i G /, it follows that T(p A ) < p A . 

Let J C I be a finite subset and pj := \J i€ jPi = supple,/ Then T(^2 ieJ pi) = 
12iej T (Pi) < 12iejPi and by [Proposition 3.9|we have T(p, 7 ) < pj. 



The finite subsets of / are directed by inclusion and, obviously, {pj)j<zi finite is an 
increasing net of orthogonal projections such that p v = \J ieI Pi — Vjcj finite PJ- Hence 
(T(pj))j(zi finite is a bounded increasing net in A+ and since T is normal, 

T(p v ) = T(\J jPj ) = \JjT( Pj ) < \J jP j=Pv. □ 



4 Transient Projections 

In this section we use potentials to characterize the transient part of an arbitrary von 
Neumann algebra A C with respect to a Markov operator T : A — » A. The 

second part of this section concentrates on transience on 33 (.Jf ). 

Our notion of transience relies on the following observations. 

4.1 Lemma. Let T : A — > A be a Markov operator on a von Neumann algebra 
A C SS{,^ ) and let y £ A pot - 

(a) There exists a T-summable element x G A+ such that suppa; = suppy. 

(b) There is an increasing seguence of T-summable orthogonal projections (p m ) m gN 
such that VmeN Pm = suppy. 

A version of this lemma for continuous semigroups can be deduced from |Uma06| . 
Since their proof uses the resolvent, we give a proof which is adapted to our discrete 
situation. 

Proof, (a) Let x € A+ be the charge of y. Fix < A < 1 and define x\ := 
SfcLo ^ k T k (x) € A+ then suppa^A = suppy. Since T is normal, we obtain 

CO OO ✓ OO v OO /CO v 

J2T n {x x ) = ^T n (^A fc T fc (a;)) = ^ A fe T fc ( ^ T"(a;) j 

n=0 n=0 ^k=0 ' fc=0 Vi=0 ' 

oo oo 1 

= Y,* k T k (y) < Y, xk y = y^x v e A+ - 

k=0 fc=0 
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(b) Let p m := \\ xx \\\{ x \) ^ or ever y m € N. Since p m < m • x^, we have 
Y^Lo Tn< <Prn) e -4+ for all to € N and V me N Pm = SU PP = supp y. □ 

4.2 Theorem. Let A C 3$(J#?) be a von Neumann algebra, T : A ^ A a Markov 
operator, and p <E A an orthogonal projection. Then the following statements are 
equivalent: 

(i) There is a family (yi)ig/ C A po t of potentials for T such that p < \J supp?/;. 

iei 

(ii) There is a family (xi) ie j C A+ of T -summable elements such thatp < \J suppXj. 

iei 

(Hi) There is a family C „4 of T -summable orthogonal projections such that 

P< V Pi- 



Proof. (i)=^(ii): This is immediate from Lemma 4.1 



(ii)=>(iii): Let J := JxN. For each j = (i,m) G J define pj := X]j_ \\ Xi \\]{'Xi) as in the 
proof of[Lemma4.l|(b)[ Then Er=o T "(Pi) e A + for a11 J e ™ J andp < VjejPr 



(iii)=>(i): For each j G J define j/j := XmLo ^"""(Pi)' Then each j/,- is a potential and 
Uj > an( i thus supp t/j > for all j G J. □ 

4.3 Definition. An orthogonal projection p £ A is transient (w.r.t. T) if it satisfies 
the equivalent conditions of |Thcorcm 4.2| We call the supremum of all transient 
projections the maximal transient projection and denote it by ptt(T) (or pxr for short). 

If p G A is a T-summable orthogonal projection thenp is obviously transient. However, 



there are examples (cf. Remark 3.6) where 1 G A is transient, too. But, clearly, the 



unit of A cannot be T-summablc. 

Clearly, the transient projections form a complete lattice. In particular, p^ is also 
transient and can be written as 

PTi = V {suppy I y G -4 P ot} = Y {p € A | p = p* = p 2 is T-summable} . 



4.4 Remark. By Theorem 3.10 the maximal transient projection j»Tr is superhar- 
monic. Hence the algebra Ati ■— PTrAprr is invariant under T, i.e. T(Att) Q Atc, 
and T\a Ti is submarkovian, i.e. a completely positive normal map such that T(l) < 1. 
Moreover, it is shown in |Uma06[ Thm. 8] that if A is cr-finite then pxr is the support 
of a potential. 
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In general a superharmonic projection does not need to be transient. Indeed, lei 
is always superharmonic, since T(t) = 1. But 1 is not transient whenever there is a 
stationary normal state (p G &(A) as we will see in the next section. 

4.5 Proposition. Let T : A — > A be Markov operator on a von Neumann algebra 

Acm(JT). 

(a) If T is ergodic, i.e. F{T) = C • 1, then every superharmonic projection p G A 
with =/= p =/= t is transient. 

(b) For the maximal transient projection pxr we have pxr = if and only if every 
superharmonic element a G A+ is in T(T) . 



Proof, (a) Since p is superharmonic, by the Riesz decomposition theorem (3.3) there 
is a potential y G A po t and an element < h G J~(T) such that p = y + h. Since 
p 5i 1 and T is ergodic, this yields h = 0. Hence p is a potential and thus 
transient. 

(b) Again a can be written as a sum of a potential y and a positive fixed point h 
of T. If pTr = 0, there are no non-zero potentials. Hence we have y = and 



a = h G J~(T). For the converse, note that by Corollary 3.4 every potential in 



F(T) vanishes. □ 

Note that if b G .4+ with < 1 is subharmonic then (1 — b) > is superharmonic. 
Hence if ip G ©(-A) is a stationary normal state for an ergodic Markov operator T and 
p : = supp</5 7^ 1 then p is transient. Furthermore, part (b) implies that if pti = 
then also every subharmonic b G A+ is in •F(T). 

For the rest of this section we restrict ourselves to the case A := ^(Jf). This allows us 
to provide additional characterizations of transient projections and support projections 
of potentials. For this we need the following elementary observation, for which we 
couldn't find a suitable reference. 

4.6 Lemma. Let A C 3§(Ji?) be a von Neumann algebra. If (a„)„ e N C A+ is a 
sequence such that X^^Lo (^Vi V) < 00 / or every 77 G Jif then J2^Lo a « exists in A+. 

Proof. Set :— X^=o a " ^ -^+' Then for 77 G ^ we have: 

111 

Iklr 7 ?!! = ( S N r li S N r i) = (snv>v) = J2n=o( a nV,V)- 

1 1 

Obviously, s^r < sm ii N < M. Hence s'^ < since the square root is operator 
monotone. Consequently, for all r\ G we have: 

| N oo 

sup||s^?7|| 2 = lim (Va„i),J() = V {a n i],rj) < 00. 

JV feN n=0 n=0 
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Applying the Principle of Uniform Boundcdness yields supjvgpjHs^H < oo. Hence 
i 

( s at)jv is a bounded and increasing sequence of elements in A.+ , which converges 
strongly to an element b £ A+. Therefore, the limit J^^Lo an = stop-lim^ sjy = 
stop-lim^y (^s^ — b 2 exists by stop-continuity of multiplication on bounded sets. 

□ 



4.7 Proposition. Let T : 3B{3tf) -> &{J¥) be a Markov operator and p £ 38 {34?) an 
orthogonal projection. Then the following statements are equivalent: 

(i) p is transient. 



(ii) There is a family of unit vectors {£j)j£j C 3f such that pj^f C span{^ \ j £ J} 
and each rank one operator tt, is T-summable. 



(Hi) There is a family of unit vectors (Cj)jeJ Q &? such thatp3i? C span{£j \ j £ J} 



oo 

and X (T n {t^.)ri,ri) < oo for all j £ J and r\ £ 3%*. 



Note that condition (iii) is quite close to one of the classical characterizations for 
transience mentioned in |Section 2| For a stronger condition in the finite dimensional 
case compare |Thcorcm 6.2| 

Proof, (i) (H): Since p is transient, there exists a family of T-summable orthogonal 
projections {pi)i^i C B§{3^) such that p < \J ieI Pi- 

For each i £ I choose an orthogonal basis (^j)je J< f° r Vt-^ ■ Set J := then 
for each j £ J there is an i £ I with j £ J { and £^L T n (f Cj ) < Er=o T "(P') e 
3§{Jt)+. Additionally, span | j £ J} = (V ie jPi) 3 V-^ ■ 



(ii) =>■ (i): Since p3tf C span{^ \ j £ J} = ■> wc have p < \f jeJ t^ 

Hence p is transient by |Thcorcm 4.2| 



(ii) (iii): Direct consequence of Lemma 4.6 □ 



In the following theorem we characterize support projections of potentials with sepa- 
rable range. Clearly, these orthogonal projections are transient and by [Proposition 3^9 
they are superharmonic. 

4.8 Theorem. Let T : 3S{3f) -> 36{3tf) be a Markov operator and q £ £§{Jf) 
an orthogonal projection such that qJt? is separable. If q is superharmonic then the 
following statements are equivalent: 

(i) There exists a potential y £ A po t such that q = suppy. 

(ii) There is an orthonormal basis (Cj)jGJ f° r 1^ such that each rank one operator 
t£. is T-summable. 
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(Hi) There is an orthonormal basis {£j)jeJ for qjff such that ^ (T n (t^ )?7o, 770) < 00 

71=0 

for all j € J and i] Q £ qJtf. 

The implications (i) (ii) (iii) hold without the assumption of qJ4? being separa- 
ble. 



Proof, (i) => (ii): By Lemma 4.1 there is an increasing sequence ((7m)m£N of r-sum- 
mable orthogonal projections such that VmeN 1 m ~ 1- -^ or eacn ttt, > 1 choose 
an orthonormal basis (&)i G / m+1 for (g m+ i - q m )J^ C q TO+1 Jf and (6)ie/i for 
qiJf. Let / := (JmeN ^™ then (^i)ig/ is an orthonormal basis for qjtff. Since 
each t^. < q m for some m € N and J2^=oT n (qm) exists in A+, the same holds 
true for E^o^fe)- 

(»,) =>■ (mj: Trivial. 

(m,) =>■ fij: Let (Cj)je,/ be an orthonormal basis for 5^ having the above properties. 
Then J is finite or countable (since q.yt? is separable) and we can assume that 
J = {1, 2, ... , to} or J = {1, 2,3,.. .}, respectively. 

Since T(q) < q, we have T n (t Sj ) < T n (q) < q and T n (t Sj )rn = for all 771 e 
{qJt? ) ± . We can decompose each )] e if into rj = tjq + r/i with 770 S 9^ 
and 771 e (g^)- 1 and thus have (T n (t^)ri,n) = (T n (t ei )r]o,T]o). This yields 
En=o( Tn (kj)v, V) = EZo(T n (k 3 )Vo, m) < 00 for all j e J and r? = 770 + m e 
JT. Hence £^° =0 T n (i£.) e for every j € J by 



Lemma 4.6 



Hence defining yj := Yl^Lo ^""(^J we can nn d a sequence (aj)j e j C ]0, 1[ such 
that aj||t/j|| < (I)' 7 for every j 6 J. Thus for all 77 € Jif with ||?7|| < 1 we have: 

00 

jeJ n=o jej jeJ jeJ 

This allows us to swap the above limits and T being normal, we obtain for all 

77 e je-. 

00 00 

°° > E°i£ < T "^>^> = E ( Tn (T,jeJ a ohj)v,v)- 

jej n=0 n=0 



Lemma 4.6 



If we define x :— Y]j^j a jt^j then x > and 5 = suppx. Applying 
again we see that 77 := Y^=o T n {x) exists in Since T°(x) = x, we have 

q = supp ie < supp y. On the other hand, since q is superharmonic, we have 
supp y = supp(X; r T=o T n (x)) <Q- u 



In addition to Proposition 4.7 and Theorem 4.8 we find the following sufficient condi- 
tions for an arbitrary orthogonal projection p £ SS{J^f) to be transient. 
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4.9 Corollary. Let T : 3S{34?) -> 36{3Hf) be a Markov operator and p £ 38 (Jf?) an 
orthogonal projection. The following are sufficient conditions for p to be transient: 

(i) For all £ £ pM' the rank one operator t% is T-summable. 

(ii) There exists an orthonormal basis (£j)jgi for p,^P such that each rank one oper- 
ator tg. is T-summable. 

Proof. Obviously, (ii) is a direct consequence of (i). If condition (ii) is satisfied p is 



transient by 4.7. (ii) since pJ^f = span{£j | i £ I}. □ 



The following example disproves some further possible conjectures. 

4.10 Example. Consider the Hilbert space Jff :— L 2 ([0, 2ir}) and let e n £ ,34? be 
given by e n (s) := e ms , s £ [0,27r]. Then (e„)„ e z is an orthonormal basis for 3rif . 
For g € L°°([0, 2tt}) we define the multiplication operator M g on Jff by M g (f ) := gf. 
Clearly, one obtains (M e J" = M e „, M* n = M e _ n , and M e _ n t Bk M &n = t ek _ n . 

Now let T : 38{J^) -> 38 (J?) : a ^ M* ± a M ei and x := J2kLi 2 ~ k *e„ ■ Then we have 

OO OO OO OO 

E T n (x) = ]T {MIX * Ml = E 2 ^ *<* M en 

n=0 n=0 n=0&=l 

CO OO CO OO 

E E 2 ~ fe M — M *- = E 2 ~ fc E *« 



tln=0 fe=l n=0 



Since H^Z^Lo *e fc _„ I = 1 for every k £ N, this sum converges to a bounded operator 
y on Note that suppy > suppx = X)feLi ^e fc arid suppy > X)^Lo^ e i-n- Hence 
suppy = 1 = pTr and thus every projection is transient. Let f,g £ = L 2 ([0,27r]) 
be real- valued functions. Then for every JVeNwe have 



N N N 



E (T n (t f ) g,g) = E (ML */ M en 5,9) = E (*/ M ^ 5, M en 5 ) 

n= n— n— 

JV JV 

E «M en 3 , /) /, M en g) = E <?, /) (/, e„ <?) 

n=0 n=0 
N N N 

Ei(/- e «5)i 2 = Ei(/-9' e «)i 2 = Ei(/-9' 



e-„)| 2 , 



n— n— n— 



since (fg,e n ) = (fg,e n ) = (fg,e- n ) for all n € Z. Hence J2n=o K/S' e„)T > 
sEnl-jv l(/.5S e n)| 2 for ever y -/V € N. Furthermore, /^(rc) := (fg,e n ) is the nth 
Fourier coefficient of /<?. 
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Define /, 5 eJf by f(s) = s" 1 / 8 and g(s) = s~ 3 / 8 , s € [0, 2tt]. Then /g e ^([O, 2tt]) 
but /«? £ L 2 ([0,2tt]). It follows that £^ =0 (T n (tf)g,g) = E^U K/<?, e n >| 2 
On the other hand, / 2 e L 2 ([0, 2tt]) and hence E^° =0 ( T "<Xf ) /, /) < °o. 

This example shows: 



(1) If y € *4 P ot and <? := suppy such that qJif is separable then by Theorem 4.8 
there is always an orthonormal basis (Ci)iei of q.y/f such that each t^. is T-sum- 
mable, but this does not exclude the existence of a vector £ g qj$° for which 



is not T-summable. In particular, Condition (i) of Corollary 4.9 is no necessary 
condition. 

(2) Unlike the classical situation it might happen that there is no vector £ ^ in the 
range of a transient projection p such that the corresponding rank one operator 
t% is T-summable: In the above example p := jjjp^/ is a transient projection 
with range pJf = {A/ | A G C} but t/ is not T-summable. In particular, even 



Condition (ii) of Corollary 4.9 is not a necessary condition 



(3) We also see that E^Lo (T n (tt) £, £) < oo for £ e does not imply that ^ is 
T-summable, equivalently E^°=o (-^"(^s) ^ r ?) < 00 f° r au *7 ^ 



5 Recurrent Projections 

After treating transient projections, we examine the recurrent part of the algebra 
now. 

5.1 Definition. Let A C &(jtf > ) be a von Neumann algebra and T : A —> A a Markov 
operator. We call an orthogonal projection p G A 

• recurrent (w.r.t. T) if p < Pn^T) 1 " = 1 — PTr(T), 

• positive recurrent (w.r.t. T) if there is a family of stationary normal states (¥>i)jgj 
on .4. such that p < \J ieI (suppipi), 

• sfcew recurrent (w.r.t. T) if there is a family of stationary normal states (VOieJ 
on .4 which is faithful on p.4p. 

Furthermore, we define the maximal positive recurrent projection as the supremum of 
all positive recurrent projections and denote it by pr(T) (or for short). 



For commutative A the notions of positive recurrence and skew recurrence coincide. 
However, this is no longer true for general non-commutative algebras (cf. Exam- 
plc 5.8[) . 
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Clearly, the positive recurrent projections form a complete lattice. In particular, pr 
is positive recurrent, too, and can be written as: 



= \/{suppp> | ^oT = ^e6(A)}. 



5.2 Remark. By |Thcorcm 3. 10] the maximal positive recurrent projection pr is sub- 
harmonic, i.e. T(pr) > pr. 

5.3 Proposition. Uma06 

(a) The maximal positive recurrent projection pr is recurrent, i.e. pr < p^.. 

(b) If A is a -finite then pr is the support of a stationary normal state ip G &{A). 

For convenience we include the short proof. 

Proof, (a) Let y € -A po t be a potential with charge x := y — T{y) and tp € &(A) a 
stationary normal state, then 

(OO v OO OO 

j2 Tn (*)) = $>(t») = x>(*)- 
n=0 ' n=0 n=0 

Therefore, <p(x) = = <p(y) which implies suppy < (supp^)^. Since this holds 
for every stationary normal state tp € &{A) and since pt> coincides with the 
supremum of the support projections of all potentials y € -4 pot , it follows that 
PTr < Pr- 

(b) By definition there is a family {tp^i^i C ©(-4) of stationary normal states such 
that pr = \/ie/( su PP fi)- Choose a well-ordering -< on / and for j £ I set 
1j := ViXj( su PP^i) ~ Vt^j( su PP^)- Then {qj) 3 ei is a family of mutually 
orthogonal projections. Since A is er-finite, the set Io :— {j E I \ qj ^ 0} C / 
is at most countable and pr = J^jeilj = 12jEi Qj = Vig/ ( SU PP Vi)- If ^ i s 
finite, we set tp :— jjy X^e/ Pi- Otherwise, we identify Io with N and define 
(p := J2ieN fi to obtain the desired state. □ 



From 5.3. (a) follows that every positive recurrent projection is also recurrent and an 
orthogonal projection A 9 p < Pr cannot be skew recurrent. 

5.4 Definition. We call pr q := 1 — (pTr +pr) the maximal null recurrent projection 
and every orthogonal projection p < pr is said to be null recurrent. 
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In the classical setting, by the so called Hopf decomposition, superharmonic elements 
are fixed on recurrent parts (see, e.g., |Kre851 Thm. 3.1.3]). In the non-commutative 
situation an analogous statement clearly holds on positive recurrent parts. The fol- 
lowing theorem shows that this remains true on the entire recurrent part. 

5.5 Theorem. Let A C &(J4?) be a von Neumann algebra, T : A — > A a Markov 
operator, and p <E A an orthogonal projection. Then the following statements are 
equivalent: 

(i) p is recurrent, i.e. p < p^ T . 

(ii) For all a € A+ with T{a) < a we have 

pT(a)p = pap. 

Proof. First, let p < p^. and let a € A+ be superharmonic. By the Riesz decomposition 



theorem (3.3) there are y € A pot and < h £ J~(T) such that a = y + h. Since 



supp y < pn , we have 

pT{a)p — pT(y + h)p = pT(y)p + pT(h)p = php = pap. 
Conversely assume that p j£ p^.. Then ppq^p ^ 0. Since pxr is transient, by 



Theorem 4.2 there is a family of T-summable elements (xj)jgj C A+ such that 



PTr < Viei supparj. Therefore, 

^ PPttP < V (V iGJ su PP x i) V = \/ ieI (P suppxip) 

and there is an ig G / with pXi p ^ 0. Let y := Y^=o T n {xi ) ■ Then y is superhar- 
monic and 

PUP ~ pT{y)p = p(y - T{y))p = px. la p ^ 0. □ 

5.6 Remark. If pxr = and p is the support of a stationary normal state then 
T(p) — p. This can also be deduced from Proposition 4.5. (b) 



Now we investigate the relation between skew recurrence and (positive) recurrence. 

5.7 Proposition. Let T : A^r Abe a Markov operator. 

(a) For an orthogonal projection p e A the following statements are equivalent: 

(i) p is skew recurrent, 
(ii) pAp^ = 0. 

(b ) Every positive recurrent projection is also skew recurrent. 



18 



A. Gartner and B. Kummerer 



Proof, (i)^(ii)- Let q ;= p A p^ and (V'i)ie/ £ ©(^4) as m Definition 5.1 Then 
q G pAp and V'iC?) = V'sCPrSPr) = f° r au ' £ ^ Since (ipi)i£i is faithful on 
p-4p, it follows that q = 0. 



(t^r Suppose p is not skew recurrent. Then there exists an orthogonal projection 
7^ r < p such that <p(r) = for all stationary normal states ip £ ©(-4), i.e. 
r < (supp^)^. Hence r < p^. 

\(b)\ Let p be positive recurrent. Then there is a family (<Pi)iei € &(A) of stationary 
normal states such that p < \/ igJ (supp (pi) —: q. Since (y>i)jgi is faithful on qAq, 
it is faithful on pAp. □ 



The next example shows, that the converse of |(b)| does not hold: There are skew 
recurrent projections which are not (positive) recurrent. 

5.8 Example. Let A := M2(C) and let (ey)i,je{i,2} be the canonical system of 
matrix units. Then <p := tr(e22 • ) is a normal state and T : M 2 (C) — > Ma(C) : x i-> 
^2i xe 2i + e22^e22 = <p{x)l is completely positive with T(l) = 1. 

If we set p := en then T(p) = and ^Z^LqT" 1 ^) = Thus p is transient. Further- 
more, ip is stationary. Hence supp ip — e22 is positive recurrent and we have pxr = en 
and p R = p^ r = e 22 - 

Now consider the rank one projection q := I ( 1 1 ) and let x — ^ i • Xij eij € M2(C). 
Then gxq = |(xu +x i2 + x 2 i + x 22 ) ( } \ ) and if (p{qxq) = \(x n +x 12 + x 2 i +X22) = 0, 
it follows that qxq = 0, too. Therefore, q is skew recurrent. But, clearly, q ^ p^. = e 2 2 
and thus q is not recurrent. 

The compact operators Jf(Jf) on J$? are a two sided ideal. Therefore, any Markov 
operator T with a finite Kraus decomposition T{x) — 2<=i a-t^o-i leaves this ideal 
invariant. For such operators we obtain another characterization of skew recurrence, 
which is equivalent to a well-known classical characterization of positive recurrence. 
In order to prove this, we need the following result, which also provides a criterion 
for the existence of a stationary normal state. It was proven by Haag in his diploma 
theses |Hag02| . Since it is not publicly available, we also include its proof. 

5.9 Theorem. |Hag02[ Thm. 2.1.6] Let T : -> 3B(jtf) be a Markov operator 
such that T(J^(Jif)) C Jf(jrf?) and let £ € Jif. Then the following statements are 
equivalent: 




(ii) There exists a stationary normal state ip such that <£>(tf) 7^ 0. 
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Proof. Let ||£|| = 1 and define <p^ := ( • £, £) = tr(t ? • ) e 6. Then for a e &(J4?) we 
have <p ( (T n (a)) = (T n (a)£,0 = tv{t ( T n (a)) = tr(I?(t £ )a), where T* : ^(JT) -> 
^(Jff ) is the pre-adjoint of T regarded as a map on the trace class operators. Let 
S N := i Y.n=o T * and a N ■■= S N (tt) for JVeN. Then cr^ € ^(JT) and tr(cr w ^) = 

(%) => (ii): We can assume that (tr(aN t £ ))jveN C K is convergent (otherwise we 
could use a convergent subsequence). Hence by assumption we have a := 
limjv^oo tv(a N i £ ) > 0. 

Since t$ £ 3"{J)tf)i := {t e ^"(Jf) | ||i|| t r < 1} and is a contraction, we have 
a N = S N (t ( ) e for all TV e N. The set ^"(jr)i is a(^(Jf ), JT(JT))- 

compact. Hence there is a subnet (cr ^v A ) agA of (cr/v)jveN C ^"(J^)! and an 
element g e ^*(Jf)i such that tr(gc) = lim A tr(aiy x c) for all compact operators 

ceX(if). 

For every A e A the operator cttv a is positive and by our assumption tr(gt^) = 
lim A tr(<Tjv A i £ ) = a > 0. Therefore, we have g >l and hence <p := tr(g-) 
with g := jJ^- is a normal state and <p(i £ ) — j^- > 0. Furthermore, for all 
c e J(f(Jtf ) we conclude from the compactness of T(c) that 

tr(T,(g) c) = tv(g T(c)) = lim A tr(a Nx T(c)) = lim A tr(T*(ajvJ c) 
(*) =lim A tr([a JVA + 1 i I (ri v -(^)-^)] c) = tr($c). 

This implies T*(g) — g, since Jf(Jf°) is separating for 3?(Jf). Hence ip is a 
stationary normal state with ^ 0. 

(ii) => (i): Assume that limAr^oo ^ En^c) 1 (^ n (*£)£j = 0- Let ip = tr(p-) be a 
stationary normal state with (p(t^) — ti(gt^) ^ 0. Since T*(q) = g and i £ is an 
orthogonal projection, 

tr(t £ g) = tr(i € Sjv(e)) - tr(t € S N (t e gt^)) + tr(i £ S N (t£gt 6 )) 

+ tr 5at ^ ) ) + tr S N (tfgtf)). 

Using the Cauchy-Schwarz inequality we obtain that 

and similarly |tr(i £ <Sjv(if f^j 1 )) | 2 are both majorized by 

I <S5r(*t) *€) " -S^(*€) *C ) I = ^(^ S N {^gt e )) ■ tr^ S N (tfgtf ))\. 

Using that t^xt^ — (p^(x)t^ for every x € &(J(?), we see that tr(i £ Sjv^f?^)) = 
^ En=o (T n (k)tO — ► 0. Hence trfo g) = lim^oo tr(t £ S N {t^gt^)). 
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Defining Qi := Qtjr there is an n% G N such that tr(i ? T™ 1 (>)) > |tr(t £ e) 
and similarly to Equation (*) it follows that 

Jim ix(t £ S N (g 1 )) = lim tr(t c S N (T^( ei ))). 

Hence tr(tjg) = limAr_ i . 00 tr(i £ SVC? 1 " 1 (gi))) . But now we can repeat the steps 
above for T™ 1 (gi) to see that tr(* € g) = limjv^oo tr(i s S N (tfT^ (gi)tf)) . If 
we define p 2 := t^T™ 1 ^)^, we obtain an n 2 G N such that tr(^ T™ 2 (p 2 )) > 
| tr(£j g). Continuing in this fashion, we obtain a recursively defined sequence 
(e»)ieN with := t^T*" 4 (ft)i^ for all i G N such that tr(^ T™* (&)) > | tr(t s g) 
and tr(i s p) = lim;v_>oo tr(t £ Sn(Qi))- 

But since T(l) = 1 and ||x||t r = tr(x) for every < x G ^(Jrff), we have 
Hftlltr - tr(ft) = tr( ft T^(l)) - tr(T^( ft )) = tr(t f 3^(ft)) + tr(i£ I^(ft)) 

> J tr(t c e ) + tr(^r; i -( ft )^) = | tr(t £ e) + Ik+illtr- 

Hence < ||ft+i||tr < Hftlltr— \ tr(f £ p) for all z G N. But this is not possible. □ 

We note that we did not make use of the invariance of the set of compact operators in 
the proof of the implication (ii) =>■ (i). 

5.10 Corollary. Let T : &(Jt?) -t SS{M) fee a Markov operator on 9§{3tf) that 
satisfies T{Jtf{J>F)) C Jff (.W). 

(a) Let £ G Jif. Then lim A Y,n=0 ( T " = if and only if te < p£. 

ffe,) For an orthogonal projection p G 38{Jff) the following statements are equivalent: 

(i) p is skew recurrent, i.e. there exists a family of stationary normal states 
(tpi)iel C 6(A) which is faithful on pSS(J^C)p. 

1 N ~ 1 

(ii) For all £ G pM 3 we have: limsup — V > 0. 

N^oo N ^ 

Proof, (i) => (ii): Let £ G then < t% G p£§(J$?)p. Hence there is an i G / such 



that ipi(t^) > and Theorem 5.9 implies limsup^^^ jj J2n=o (^ n (*£)£>0 > 



(»,) => (i): Suppose p is not skew recurrent. Then r := p Apj^ ^ by Proposition 5.7 
Let £ G rJff then y(t £ ) < <p(Pr) = for every stationary normal state ip G 6 (.4). 
Applying |Theorcm 5.9| again completes the proof. □ 



We have already seen that skew recurrent projections are not necessarily recurrent. 
This is different to the classical situation, where Corollary 5.10. (ii) provides a criterion 
for positive recurrence. 
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As an illustration of our notions of positive recurrence and transience we discuss as an 
example a *-automorphism on 38(3%'). 

5.11 Example. Let T : 33(3f) -> 3§(3t) be a *-automorphism. Then there is a 
unitary u G 33(3%') such that T(x) — u*xu for all x G 33(3%) and we denote by 
a(u) C T := {C G C | |C| = 1} C C the spectrum of u. 

For simplicity we assume that u admits a cyclic vector £ G 3f. It induces a spectral 
measure p on T, which is in fact supported by a(u). By the Spectral Theorem we 
may identify 3f with L 2 (T, p), u with the multiplication operator Mjj which is given 
by (M\df)(z) '■= z ■ f(z) for / G L 2 (T,/i), z G T, and £ with the constant function 
T 3 z 4 1 in L 2 (T,p). The von Neumann subalgebra of SS(3%) generated by u, 
as well as its commutant, may both be identified with L°°(T, //), where a function 
g G L°°(T,p.) is identified with the corresponding multiplication operator on L 2 (T,/j) 



(cf. also Example 4.10) 



The spectral measure p can be uniquely decomposed into p = p pp + jtx ac + /i sc , where 
Mppi Mac and (j, sc denote its pure point, absolutely continuous, and singular continuous 
part, respectively. Correspondingly, there are three mutually orthogonal projections 
P PP , Pac, and p sc in L°°(T,^) C 3§(3f) such that p pp + p ac + p sc = 1 and p pp u, p ac ii, 
and p sc u have pure point, absolutely continuous, and singular continuous spectrum, 
respectively. 

Clearly, T admits a stationary normal state tp if and only if its corresponding density 
operator p G S?(3f) commutes with u, hence is contained in L°°(T, yn). Since p is a 
compact operator, this implies p G p pp L°°(T,/j). It easily follows that the maximal 
positive recurrent projection pr of T is given by p pp . 

On the other hand, we show that whenever p ac = 1 then for the maximal transient 
projection pxr we have pxr — 1 (hence, in general, we have p ac < Pti) : Let p be 
absolutely continuous with respect to the Lebesgue measure A on T. Then p has a 
density / G L^T.A) with respect to A. For any I G N let A t := {z G T | \f(z)\ < 1} 
and xi ■= XA r If 9 & L 2 (T,/j) then 



/ lx ( /3| 2 dA- f xif\9\ 2 fd\<l - [ \gfdp 

JT JT JT 



< 00, 



hence xifd € L 2 (T,A). For k G Z we define the function on T by ek(z) :— z k for 
z G T and wc let := x;efe (fe G Z, I G N). Then (A/ I * d ) rl = efc_„ and for every 
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g G L 2 (T, /j,) we have 



2 (m)I 



|(X;57 e fc-n)L 2 (p)| 



Xl9 Ck-n fd\ 



Xi 9 e fe _„ d/i 



= |(Xi/3)efe-n>L=(A)| 



Since xz/<7 € L 2 (T, A) and (xif9> e m) is the roth Fourier coefficient of xif9 we obtain 
for all k G Z, Z G N and all g G L 2 (T, /x): 



71=0 



n=0 



Hence each i efc is T-summable by Lemma 4.6 Finally, since lim;_>. 00 e/- /. = for all 



fceZ, the set {e^; | G Z, Z € N} is total in ffi and Proposition 4.7 implies pn- = 1 



6 The Finite Dimensional Case 



In the finite dimensional case the Markov-Kakutani Theorem ensures the existence 
of a stationary state for any Markov operator. Therefore, we have pr ^ 0, hence 
PTr 7^ 1- Lemma 6.1 below shows that p^ is T-summable. This means that pxr = Pr 



(cf. the remark after Theorem 4.2 1 and thus J2 n =o ^"(PTr) G A+. This also implies 
Pr = 1 — (pxr + Pr) = 0, i.e. there is no null recurrent part. 



A version of the next result is also contained in |Uma06j as Lemma 7. However, the 
proof there seems to lack the final argument. 

6.1 Lemma. Let A C 8S{3%'') be a finite dimensional von Neumann algebra and 
T : A —> A a Markov operator. Then p^ is T-summable. 

Proof. Since pr is subharmonic, we have T(pj^) < p^. Hence (T"(pp)) ngN is a 
bounded decreasing sequence in p^Ap^ and thus convergent to an element Xq G J~(T). 

Since T* is a contraction and A is finite dimensional, (p u ■= limjv-»oo -h ^2n=o w ° T n 
exists for all lj G & (A) and gives stationary state. Since x G p^Ap^, we have 
<pu:(%o) — 0. Therefore, for all oo G 6 (-4) we have: 

1 N-l 

ui(x ) = lim — V u(T n (x )) = (fiu:(xo) = 0. 

N — too iV 

n=0 
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Hence (T n (p^)) neN is (norm-)convergent to zero and there is an n Q € N such that 
||r no (^)|| < l\\pi\\. This implies T n ° (p^) < ±p^ and thus r*'"°(p£) < 2~ fc p^. 
Therefore, we have ESS T n (pi) < n 2~ k pfr and E^o T "(Pr) < 2n °PR- D 

In particular, in the finite dimensional setting lim n _ s . oc , T n (pn) = 1 always holds. 

From the previous lemma we can deduce several equivalent characterizations for tran- 
sient projections. 

6.2 Theorem. Let A C be a finite dimensional von Neumann algebra and 

T : A — > A a Markov operator. Then for an orthogonal projection p € A the following 
statements are equivalent: 

(1) p is transient. 

oo 

(2) p is T-summable, i.e. E F n {p) € A+. 

n=0 

(3) lim T n (p) = 0. 

n— >oo 

(4) For every stationary state ip e &{A) we have ip(p) = 0. 

(5) There is an element y € -A po t such that p < supp y. 

If A = £t§(J$?) and (Ci)iei an orthonormal basis for p^f then these statements are 
equivalent to the following ones: 

(6) For alii el we have £ T n (%) € A+. 

n=0 
oo 

(7) For all i e I we have £ (T™(%)^,^) < oo. 

n=0 

(8) For alii el we have lim (T" = 0. 

n— ^oo 

(3j For alii el we have lim -L £ (T™(%)^,^) = 0. 



N—foo 



n=0 



Proof. (1)^(5): Cf. |Remark 44 

(2) =>(S): Trivial. 

(3) =>(4): Let 95 € 6(71) be a stationary state. Then p(p) = f(T n {p)) -^^> 0. 

(4) =>(5): By assumption we have p < (supp^)^ for all stationary states ip e &(A). 



Hence p < pj^ and applying Lemma 6.1 we have y := E^Lo-^™(p) e -4pot- But, 
clearly, p < supp y. 



(5)^(2): Since p < p Tr , Lemma 6.1 yields £„ =0 T"(p) e A 



(2)=>(6)=>(7)=>(8)=>(9): Trivial. 
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(9)=>(4): Let (p £ & be a stationary state. By Theorem 5.9 we have = f° r an 



i £ I. Since p = £\ 2 ki tnis yields ip(j>) = J2iei <P(*£i) = °- D 



7 Idempotent Markov Operators 

For a general unital completely positive projection P on a C*-Algebra .4., Choi and 
Effros have shown in [CETZl Thm. 3.1] that P(A) can be turned into a C*-algebra 
if a new multiplication a o b := P(ab) is introduced on P(A). In general, no further 
information about the structure of such maps seems to be available in the literature. 

For a normal such map, i.e. an idempotent Markov operator P on a von Neumann 
algebra A C 3$(Jf?), we obtain a complete description of its structure. In particular, 
this will allow us to retrieve the Choi-Effros multiplication for such maps, thereby 
putting it into concrete terms. 

Thus consider an idempotent Markov operator P : A — > A. Denote as above by pr and 
PTr the maximal positive recurrent projection and the maximal transient projection 
for P, respectively, and set Ar ■— PrApr and At? := p^Ap^. 

If PR = 1 or, equivalently, if there is a faithful family of stationary normal states then 
it is well-known (cf. [KN79] Thm. 2.4]) that P(A) is a von Neumann subalgebra and 
P is a faithful normal conditional expectation from A onto P{A). If pn ^ 1 this does 
no longer need to be the case. As an example, let cp £ &(A) be some normal state on 
A with support projection p ^ 1 and set P(x) := pxp + ip(x)p' L . 

Remember that a conditional expectation Q is called faithful if Q(x*x) = implies 
x = 0. 

7.1 Theorem. Let P : A — > A be a Markov operator on a von Neumann algebra 
A C ) with pn 7^ 1. Then the following conditions are equivalent: 

(i) P is idempotent, i.e. P 2 = P. 

(ii) There is a faithful normal conditional expectation Q : Ar. — > Ar and a completely 
positive unital normal map S : Q{Ar) —t At^ such that 

P(x) = Q(prxpr) + S(Q(prxpr)). 

In this case Q(x) = PrP{x)pr for x £ Ar, hence Q{Ar) = prP(A)pr . 

This establishes a biunique correspondence between idempotent Markov operators on 
A with maximal positive recurrent projection pr =/= 1 and pairs (Q, S) where Q is a 
faithful normal conditional expectation on Ar and S : Q(Ar) — > Att a completely 
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positive unital normal map. Moreover, P is a conditional expectation if and only if S 
is a *-homomorphism. 

For a normal state ip £ 6(A) with ip(pn) = 1 we denote its restriction iP\a r S &(Ar) 
by tp again. 

Proof. (i)=$-(ii): Since ipoP is a stationary normal state for every ip £ 6(A), we may 
write 

Pr = \f{suMi>oP) I 1p £ 6(A)}. 

Hence ip(P(x)) = iP(P(prxpr)) for all x G A and ip £ 6(A). This implies 
P(x) — P(prxpr) for every x £ A and P(x*x) — if and only if prx*xpr = 0, 
since (ip o P)^^e(A) is faithful on Ar. Thus pr is the support projection of P 
as in [ES79] . It follows that P(p Tr ) < ^(Pr) = 0, hence P(p R ) = 1 and p^ is 
P-summable. Therefore, we have pr +pxr = 1- 

The support projection of a normal unital positive projection on a JW-algebra 
has already been examined by Effros and St0rmer: [ES79, Lem. 1.2.(2)] implies 
that pr commutes with all self adjoint elements in the range of P and thus with 
all elements in P(A). It follows that for all x £ A we have 

P(x) = prP(x)pr + p Tl P(x)pT T . 

Let Q : Ar —t Ar, : x >—¥ prP(x)pr. Then Q is normal, completely positive, 
and unital. Furthermore, Q is idempotent, since pr is the support projection of 
P and hence for every x £ Ar we obtain 

Q 2 (x) = PrP(prP(x)pr)pr = PrP 2 (x)pr = Q(x). 

Finally, if ip € 6(A) is stationary for P then <p is stationary for Q, too, since 
supp ip < pr and for every x £ Ar we have 

<p(Q(x)) = (p(prP(x)pr) = (p(P(x)) = ip(x). 

Hence Q has a faithful family of stationary normal states. Thus we infer from 
KN791 Thm. 2.4] that Q is a faithful normal conditional expectation onto the 
von Neumann subalgebra Q(Ar) = prP(A)pr C _4r. 

Define S : Q(Ar) 3 x pttP(x)pti € Ati- Then 5 is normal, completely 
positive, and unital. Summing up, for x £ A we have: 

P(x) = P(prXPr) = PrP(prXPr)pr + PTrP(PRXpR)pTr 
= PrP(PrXPr)Pr + PTiP(PRP(PRXp R )pR)p T r 

= Q(PRXPr) + PTrP{Q(PRXPR))pTr = Q(prXPr) + S(Q(prXPr)). 
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(ii)=>(i): We have to check that P is idempotent. Since PkS{Q{pk x Pb))pk — 0, we 
obtain for x G A: 

P 2 (x) = P(Q(p R x PR ) + S(Q(p K xp K ))) 

= Q(prQ(pr x pr)pr) + S(Q(prQ(pr x pr)pr)) 

= Q 2 (prxPr) + S(Q 2 (p R xp R )) = P(x). 
Clearly, this correspondence is biuniqnc. 

It remains to prove the last assertion. An idempotent Markov operator P is a condi- 
tional expectation if and only if P(A) is multiplicatively closed. For each x G A set 
X Q ■= Q(prXPr) = PrP(prxPr)pr = PrP{x)pr- Then every x G P(A) is of the form 
x = x Q + S{x Q ) = prxp r + S{p R xp R ), since x Q = prP{x)p r = PRxp R . 

If S is a *-homomorphism then for x, y € A we have 

P(x)P(y) = (x Q + S(x Q ))(y Q + S(y Q )) = x Q y Q + S{x Q )S{y Q ) 
= x Q y Q + S(x Q y Q ) € P(A). 

On the other hand, if S is not multiplicative then there are xq, yQ € Q(A R ) C A 
such that S(x Q )S(y Q ) ^ S(x Q y Q ). Then P(x Q ) = Q{prxqPr) + S(Q(p R XQp R )) = 
x Q + S{x q ) and 

x ■= P(x Q )P(y Q ) = x Q y Q + S(x Q )S(y Q ) ^ x Q y Q + S(x Q y Q ) = P(x), 
i.e. P{xQ)P{yo) = x $ P(A). Hence P(A) is not multiplicatively closed. □ 



7.2 Corollary. (Choi-Effros product) Let P : A — > A be an idempotent Markov 
operator on a von Neumann algebra A C 3$(Jf?). Then P(A) becomes an abstract 
von Neumann algebra with the new product x o y :— P(xy) for x,y £ P{A) while the 
involution and Banach space structure are inherited from A. 

Moreover, the map P\q(Ar) * s a * -isomorphism fromp R P(A)p R — Q(Ar) to (P(A),o). 



Proof. As in the proof of Theorem 7.1 set xq := Q(pRxp R ) for x G A. Then xq 
and S(xq) have orthogonal support projections and, as a vector space, P{A) = 
{xq + S(xq) I x G .4} is isomorphic to the graph of S and thus to Q(A-r). Employing 
our structure theorem for P, we obtain for 1,1/6 P{A) more explicitly: 



x o y = P{{xq + S(x Q ))(y Q + S{y Q ))) = P(x Q y Q + S{x Q )S(y Q )) 

= P{xQy Q ) + P(pnS(x Q )S(y Q )p R ) = P(x Q y Q ) = x Q y Q + S(x Q y Q ). 
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Hence the Choi-Effros product corresponds to the original one on Q(Ar). Therefore, 
it is associative. As in |CE77j we easily see that the norm is submultiplicative for 
this product and satisfies the C* -property by using the corresponding properties for 
the original product and the Kadison-Schwarz inequality. Since P is idempotent and 
normal, its range (P(A),o) is a weak*-closed *-algebra. This implies that P(A) has 
a predual and, therefore, becomes an abstract von Neumann algebra by a well-known 
theorem of Sakai. □ 



The main work of Choi and Effros in [CE77 goes into showing that this product 
is associative. In our setting this follows more easily, since we have identified the 
Choi-Effros multiplication with the usual multiplication on Q(*4r) = pnP{A)pn- As 
pointed out to us by Izumi, another characterization of the Choi-Effros product was 
given by Arveson: He interpreted the Choi-Effros product as the usual multiplication 
on the fixed point algebra of a minimal dilation of T (cf. |Izul2| ). 

For convenience we collect some consequences which follow immediately from the proof 
of lThcorcm 7.11 

7.3 Corollary. Let P 2 = P : A — > A be a Markov operator on some von Neumann 



algebra A C with a decomposition as in Theorem 7.1 

(a) There exists no null recurrent part, i.e. pn. + pti = 1- 

(b) Any transient projection is mapped to zero. In particular, P{pTr) = 0. 

(c) The maximal positive recurrent projection pn is the support projection (suppP) 
of P, i.e. P(x) = P{pnxpn) = P{prxprPr) = P{xpr) = P(prx) for all x G A. 
and P(x*x) — if and only if prx* xpr = 0. 

(d) The range of P is a sum of the transient part and the positive recurrent part: 
P(x) = prP(x)pr + pTrP(x)pTr for every x G A. 

(e) For x G Q{Ar) = p R P(A)p R we have P(x) =x + S{x) G P(A). 

As an illustration of such a decomposition, we include the following classical example 



(cf. also Example 9.4 1. 



1 o o\ 

7.4 Example. Let fl be a state space with three points and let P := ( o l o be the 



L/3 V 3 



transition matrix of a classical Markov chain on 51. As in Section 2 the map P = P 2 
can be regarded as a Markov operator on the algebra A := C 3 of functions on 51. It 
is easily seen that P(A) = span { ( y 3 ) ' ( y 3 ) } a nd p R = QQ - Hence .4r = C 2 © 0, 



-4Tr = © C, and the decomposition according to Theorem 7.1 is given by 



a\ / 

Q : Ar -> An : x H> x and S : Ar -> A^ : ( & | ^ ( o 
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8 Non-Commutative Poisson Boundaries and Poisson 
Integrals 

It is natural to ask to what extent the results of the previous section can be carried over 
from the range of a projection to the fixed space F(T) of a general Markov operator 
T. The main result in this section shows that a Choi-Effros product on F(T) allows 



an identification as in the last statement of Corollary 7.2 if and only if T is weak* 
mean ergodic. In this case the identification may be viewed as an abstract Poisson 
integral. 

If T : A — > A is any Markov operator on a von Neumann algebra A C &§(Jt?) then 
there is a (not necessarily normal) projection P in the pointwise weak*-closure of the 
convex hull co{T" | n G N} satisfying TP — PT = P = P 2 (see, e.g., [ES79] V This 
implies P (A) = J~(T) and following |Luc95j we call such P an ergodic projection. Even 



though P may not be normal we define Pr(P) as in Definition 5.1 



8.1 Lemma. Let T : A — > A be a Markov operator on a von Neumann algebra 
A C 9§(3^'') and P an ergodic projection for T . Then the maximal positive recurrent 
projections for T and P coincide, i.e. Pr{T) = pn(P). 

Proof. Let (Q a ) be a net in co{T™ | n G N} converging in the pointwise weak*-topo- 
logy to an ergodic projection P and let ip G &(A). If <p — <p o T then ip — ip o 
hence <p = ip o P. 

Conversely, if ip — ip o P then ip(T(x)) — ip o P(T(x)) = ip o P(x) = ip(x) for every 
x G A. □ 

If there exists a normal ergodic projection for T then this is the only ergodic projection 
and T is called weak* mean ergodic (cf. |KN79| ). As in Section 7 we abbreviate prApr 
byA R . 

8.2 Proposition. |Luc95j Let T : A —> A be a Markov operator on a von Neumann 
algebra A C 3§{a^). 

(a) The map Tr : Ar — > Ar : X PrT(x)pr admits a faithful family of stationary 
normal states. In particular, Tr is weak* mean ergodic. 

(b) PrF(T)ph — .F(Tr) is a von Neumann algebra acting on the Hilbert space pYi-J^f . 



This result is already contained in Luc95j Thm. 3, Cor. 4] for arbitrary semigroups of 
positive (but not necessarily completely positive) contractions. For convenience we 
will give a proof which is adapted to our situation. 
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Proof. The map Tr is normal and completely positive and it is unital, since 

Tr(pr) = PrT(pr)pr = PrT (p R Ipn )pr ^^prT (1)pr = PrIpr = Pr. 

Let (tfi)i e i C &(A) be a family of stationary normal states for T such that pr = 
Vi S / supp</3i. Then (ipi)i e j is faithful on Ar and each ifi is stationary for Tr, because 
tpi(TR(x)) = (pi(pRT(x)p R ) = tpi(T(x)) = ifi{x) for all x e Ar. This allows us to 
apply [KN791 Thm. 2.4] to obtain that Tr is weak* mean ergodic and that J"(T R ) = 
{x G Ar I Tr(x) — x} is a von Neumann subalgebra of Ar. 

From Tr(prxpr) = p R T(:c)p R = p R xp R for x G 7"(T) it follow s that prF{T)pr C 
J-(T r ). Conversely, let V e ^(T R ) C A Then V = T« (y) ^ p R T" (y)p R and thus 
y = p R $(j/)p R for all $ e co {T™ | rt g N}. Let P : A — > A be an ergodic projection for 
T and (3> a ) a net in co{T" | n £ N} converging to P in the pointwise weak*-topology. 
Defining x := P(y) we have T(x) — x and 

y = w*-lim a p R $ ct (y)p R = p R (w*-lim Q $ Q (y))p R = p R xp R G p R J"(T)p R . 

Hence prJ-(T)pr — J-(Tr) is a von Neumann subalgebra of Ar. □ 



The set of fixed points of a Markov operator T can be turned into an abstract von 
Neumann algebra by using the Choi-Effros product w.r.t. an ergodic projection P (cf. 



Section 7). This result was already proven by Effros and St0rmer in the context of 
positive operators on JW-algebras |ES79| Cor. 1.6]. More recently, this structure was 
studied and identified as non- commutative Poisson boundary in |IzuQ2j and IzuOl] (cf. 
also |Arv04j V 

8.3 Theorem. Let T : A — > A be a Markov operator on a von Neumann algebra 
A C and letpR be its maximal positive recurrent projection. Then the following 

statements are equivalent: 

(i) T is weak* mean ergodic. 

(ii) There is an ergodic projection P such that P(pr) = 1. 
(Hi) The map J-(T) 3 x n- Prxpr € prJ 7 (T)pr is injective (hence bijective). 
(iv) There is an ergodic projection P such that the map 

J T : PrF{T) P r -> (J-(T),o) : x ^ P{x) 



is a * -isomorphism, where aob := P(ab) denotes the corresponding Choi-Effros 
product. 
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In particular, the Poisson boundary (_F(T),o) of a weak* mean ergodic Markov oper- 
ator T can be faithfully represented on the Hilbert space pR^f. More precisely, the 
von Neumann algebra pkP{T)pk is a concrete realization of (J-(T),o), as Izumi calls 
it (cf. |Izu041 Def. 3.4]), if and only if T is weak* mean ergodic. 



Proof. (i)=> (ii)' Let P be the (unique) normal ergodic projection for T. Then tp o P 
is a stationary normal state (for T) for every tp G &(A) and hence supp(</?o P) < 
Pr. Therefore, we have ip(P(pn)) = (p(P(l)) for all tp G &(A), which implies 
P(pr) = P(l) = 1. 



(Hi)' By assumption we have -P(pr) = 0. Let a G A then the Kadison-Schwarz 



inequality implies 

< P(api)*P(api) < P(pia*api) < \\a\\ 2 P(pi) = 0. 
Hence P(apj^) = and, analogously, P(p^a) = 0. It follows that for x G J-(T) 

x = P(x) = P(pnxp R + (prx)pk +Pn x ) = P(Pr x Pr) 
and, therefore, the linear map .F(T') 3 x t— > p^xpn G PkP{T)pk is injective. 



( Hi ) = ^(i]\ We show that the stationary normal linear functionals separate the points of 
T{T) which is equivalent to Condition[(7)]by [KN791 Thm. 1.2]. Let ^ x G J"(T) 
then 7^ Pkxpk & F(Tr) by assumption. Since Tr is weak* mean ergodic, there 
is a normal linear functional tp G (An)* with tpo Tr = tp and <p(pR,xpn) ^ 0. Let 
ip := (p(p K ■ p R ) G A* then 

<^( T ( a )) = V (pkT (a)pn) <p (prT (p R a pr )pr ) = ^(p R ap R ) = y>(o) 

for all a G A. Hence <p is a stationary normal linear functional for T and 
<^(x) = ^(pr^pr) ^ 0. 



(i)=$(iv): If T is weak* mean ergodic then there is a unique normal ergodic projection 



P. By Corollary 7.2 it follows that Jt '■ x H ► is a *-isomorphism from 



PR^(T)p R to CF(T),o) 



(Mjy =^ (Wj: Since Jt is a *-isomorphism, it follows that 1 = Jt(pr) = P(pr)- Q 



Luczak has already proven the equivalence of (i) and |(ii)| in |Luc95|, Thm. 5], where 
he gave a different proof. The equivalence of [(!)] and (iii) is implicitly contained in 
|FV82] . 



As in the classical situation the operator Jt defined in Condition (iv) extends elements 



of the Poisson boundary uniquely to an element of the fixed space of the Markov 
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operator. Therefore, for a weak* mean ergodic Markov operator T we may view 

J T : PrT{T) Pr -> JT(T) : x ^ P(x) = x + S{x) 
as a non- commutative or abstract Poisson Integral, where 5* comes from the decompo- 



sition of the normal ergodic projection P (cf. Theorem 7.1 1. 



The following example shows that it is not enough to require the existence of an 
arbitrary *-isomorphism from pn T(T)p-& to (JF(T), o) to ensure that a Markov operator 



T is weak* mean ergodic, i.e. Condition 8.3. (iv) cannot be weakened in this way. 



8.4 Example. Let A := i°°{Z) = £°°(-N) © e°°(N ) and T the left shift on f°(N ), 
i.e. T (/)(n) = f(n + 1) for / e £°°(No). For x = x~ ffi x+ e A = £°°(-N) © £°°(N ) 
we define a Markov operator T : A — > A by 

T(a;) = T{x~ © a; + ) = aT © T (a; + ). 

Then pr, = X(-n)i since there are no normal stationary states for the shift To (cf. 
Remark 3.6b. Furthermore, we have T(T) = £°°(-N) © C • !Lw No ). Since T(T) 



already is a subalgcbra, the Choi-Effros product coincides with the usual one. 

Clearly, T(T) is *-isomorphic to £°°(— N) = PrJ"(T)pr. But T is not weak* mean 
ergodic, since ip(0 © lf°°(N )) = for all stationary normal states (p = tp a T. 



8.5 Proposition. If T : A — > A is a weak* mean ergodic Markov operator on a von 
Neumann algebra A C then p^ — 0, i.e. there is no null recurrent part. 

Furthermore, the maximal transient projection for T is a potential, i.e. prr £ *4pot- 



Proof. Since p R is superharmonic (cf. Theorem 3.10), there are elements y € A po t and 
< h G P(T) such that p R — y + h by the Riesz decomposition theorem (3.3) 



Let P : A — > A be the normal ergodic projection for T. Then P(pr) = 1 by Thco 



rem 8.3. (ii) and hence 



= P(pk) = P(V + h) = P(y) + h>0. 

This yields h — and thus p^ — y g A pot . Therefore, p^ is transient, hence p^ = 
and pi* = Pa- □ 



Using the Riesz decomposition theorem (3.3) and Corollary 3.4 we conclude that the 
support projection of every potential for a weak* mean ergodic Markov operator is a 
potential, too. 
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9 Entanglement Breaking Channels 

As another application of our theory we consider entanglement breaking channels (see 
[Hol98] . |HSR03| . |Rus03j . or |Arv08| L 

9.1 Definition. Let A C be a von Neumann algebra and T : A — >• A a Markov 

operator. If there are ipi, . . . , cp n £ &(A) and a\, . . . , a n G A+ with ai = ^ sucn 

that for all x e A 

En 
2—1 



then we call (9.2) a Holevo representation for T. 



Horodccki, Shor, and Ruskai showed in [HSR03J that if Jf? is finite dimensional and 
T : 3§(J$?) — > SS{,^f) a Markov operator then T has a Holevo representation if and 
only if po (Tig) Id) is a separable state (i.e. a convex combination of product states) for 
every state p on £$(J{? ® Jif ). For this reason such maps are also called entanglement 
breaking. 

Note that being of finite rank, a Markov operator T : A^r A with Holevo representa- 
tion is automatically weak* mean ergodic. 

9.3 Theorem. Let T : A — > A be a Markov operator with Holevo representation. 
Then any two orthogonal projections in the fixed space J~{T) commute. 
Moreover, p R J-(T)p R is a finite dimensional commutative von Neumann subalgebra of 
■Ar =p R Ap R . 



Arbitrary elements of the fixed space F(T) do not need to commute (see Example 9.4 



below) even though .F(T) is a commutative von Neumann algebra w.r.t. the Choi-Effros 



product, being isomorphic to PrF{T)p r (cf. Theorem 8.3 1 



Proof. As first step we show that for p* = p 2 = p E F(T) there is a subset J p C 
{1, . . . , n} such that p = ^2 i€ j ai and pai = aip for all 1 < i < n. The first assertion 
is an immediate consequence of this fact. 

Define J p := {1 < i < n \ ifii(p) ^ 0} then p = T(p) = Pi(p) a i- Hence < 

suppa^ < p and thus pa.i = a% = aip for i £ J p . Together with X)"=i a i = -"■ this 
implies a i — P — Pi(p) a i from which tpi{p) = 1 for i € J p follows, i.e. 

P = Siej p a i- Setting J p ± :— {1 < i < n \ (pi(p) = 0} it follows that p 1 - = ± a i- 

Hence p also commutes with all a^, i € J p ^- 



Let Tr : An, — > A-r '■ x i-> prT(x)pr as in Proposition 8.2 Then Tr(x) = pr,T(x)pr 



S"=i Pi i x )PR a iPR f° r x € Ar. Hence Tr has a Holevo representation, too, and any 
two orthogonal projections of J-(Tr) commute. Since J-(Tr) = PrJ~(T)pr is a von 
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Neumann subalgebra of A R and since a von Neumann algebra is generated by its 
projections, this completes the proof. □ 



9.4 Example. Let A := Mg(C) and let (eij)i<i,j<5 be the canonical system of matrix 
units. Set ipi := tr(en • ), ip2 '■= tr(e22 ■ ), and := tr(e33 • ), as well as 



/4 o o o o\ 
ooooo 
ooooo 

2 1 
Vo 1 lj 



a 2 



/0 \ 

4 



2 -1 

Vo o o -l i J 



Ct3 



/0 0\ 

ooooo 

4 

ooooo 

Vo 27 



Then P : M^(C) — > Ms(C) : x H> <,5i(a;)ai + (^2(^)02 + ip3(x)a3 is an idempotent 
Markov operator in Holevo representation. Note that T(P) — P(A) = span {ai, 02, 0,3} 
contains no orthogonal projections except for and 1. Obviously, the states tp±, (f2, 
and (fi3 are stationary and p R = Vj=i supp^j = £\\ + 622 + e 33- Hence as an algebra 
p R J~(P)p R = C 3 but neither a\ and ci2, nor a\ and 03, nor a2 and 03 do commute. 
However, the Choi-Effros product turns the elements a±, 0,2, and 0,3 into orthogonal 
projections which are mutually orthogonal. 



For a Markov operator which is idempotent we have a converse of Theorem 9.3 



9.5 Theorem. Let A C £%(J{?) be a von Neumann algebra and P 2 = P : A —> A a 
Markov operator such that p R P{A)p R is finite dimensional and commutative. 
Then P has a Holevo representation and ai , . . . , a n G A+ and tpi, . . . , tp n G &{A) can 
be chosen linearly independent. 



Proof. Let P have a decomposition as in |Thcorcm 7.1| and let p±, . . . , p n be a family 
of minimal mutually orthogonal projections generating p R P{A)p R — Q(A R ). Then 
for each 1 < i < n there is is normal state ipi G &(A) such that PiQ(p R xp R )pi — 
PiP{x)pi — ipi{x)pi for all x € A. 

Moreover, ip l {x)p i = p l Q(p R xp R )p i = p i Q{p i xp i )p l = fi{piXpi)pi for all x € A, 
because Q is a conditional expectation. Hence supp^ < pi < p R , in particular, 
(fi,...,tp n are linearly independent. Furthermore, for x G A R we have Q{x) = 

PrQ(x) = J2t=lP*Q( x ) = Yn=lPiQ( x )Pi = Ya=1 <Pi( X )Pi- 

Let bi := S(Q(pi)) = S(j>i), where S comes from the decomposition of P, and set 
a>i '■= Pi + bi = P{pi). Obviously, eti, . . . , a n are linearly independent and 



P(x) = Q{p R xp R ) + S(Q(p R xp R )) = ^ tPi(PRZPR)Pi +S( ^ ¥i(p R xp R )p, 

i=l M=l 
n n n n 

= ^2<Pi(x)Pi + ^2 <Pi{x)S{Pi) = ^2 <Pi(x){pi + bi) = ^^(a;)a l . 



□ 
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If P is already a conditional expectation such that P(A) is commutative then P Id 
projects onto P(A)®M n . Since every state on this algebra is separable, such a P is en- 
tanglement breaking and thus has a Holevo representation. In general, however, P(A) 



is not necessarily contained in a commutative subalgebra as Example 9.4 shows 



The naturally arising question is whether such a representation is unique. The follow- 
ing proposition is answering this question affirmatively 

9.6 Proposition. Let P 2 = P : A—> A be a Markov operator which admits a Holevo 
representation P(x) = X)™=i ¥i( x ) a i with linearly independent normal states (pi and 
linearly independent positive elements a% (1 < i < n). Then a\,...,a n £ A+ and 
(pi, . . . , tp n £ ©(-4) are uniquely determined up to permutation. 

Proof. For all x £ A we have 

n n 

J2<Pi(xhi = Pfr) = p2 ( x ) =^<Pi{P(x))<H 

i=l i=l 

n / n \ n / n 

= ^2 t Pi[l2 l Pj( X ) a A a i = [52vj( x )<Pi( a j) 
i=l S'=l ' i=l S=l 



Since ai,...,a n arc linearly independent, for every i < n and x £ A this yields 
fi( x ) = Y!j=i <Pj{ x ) ( Pi{ a >i), or > equivalently, 

(<Pi(a,i) - I) (fi(x) + ^ t fii( a 3) ( Pj( X ) = °- 

Now the linear independence of ipi, . . . , ip n implies ipi(cij) = 5ij (Kronecker delta). It 
follows easily that P{ai) — <2j and <pi o P = tp^ for every 1 < i < n. On the other 
hand, every stationary state is a linear combination of ip%, . . . , ip n . Therefore, we have 

PR = V"=i su PP^- 

Let pi := suppt^i, then pi < ai and thus fj(pi) < fjifli) = for i ^ j. Therefore, 
we have Pi < <Xj < pj- for all 1 < i, j < n with i ^ j, i.e. the support projections of 
ipi, . . . , tp n are mutually orthogonal and j>r = Y^j=i Pj- 

Clearly, p\, . . . ,p n commute and linearly span prP(A)pr,. Hence we have shown that 
Pi = Pr^pb, and thus a t = P(o») = Q(pRaip K ) + S{Q(p R aip R )) = p t + S(pi) for all 
i < n. So a, has the same form as in the proof of |Thcorcm 9. 5 1 which completes the 
proof. □ 
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